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Abstract: A class of K-metacyclic group of order p(p—1) denoted by G, has group
presentation x? = y?~! = 1; y~lzy = 2"; (r — 1,p) = 1 where p is an odd prime
and r is a primitive root modulo p. To this group, we attach a simple undirected
graph I'eY whose vertices are the conjugacy classes of G and two distinct vertices
x and y are connected by an edge if the ged of the class size of x and y is greater
than 1. In this paper, I' and I'&, ., are obtained and then different graph theoretic
properties like planarity, clique number, chromatic number, independence number,
clique polynomial, independence polynomial, dominating number, spectrum and
energy of these graphs are studied. The line graph of I'¢Y is found to be a regular
graph and the complement graph of I'¢f is found to be a star graph. Various aspects
of the line graph and the complement graph are also determined in this paper.
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1. Introduction

In the study of group theory, various types of graphs such as Cayley graphs,
power graphs, commuting graphs etc have been used to investigate the structural
properties of groups. Recently, constructing graphs based on the conjugacy classes
of groups has become a significant area of research. Among these are the conjugate
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graphs, conjugacy class graphs, and generalized conjugacy class graphs. In this
context, we focus on the conjugacy class graphs of K-metacyclic groups, which
provide a distinctive approach in understanding the conjugacy relationships within
the groups.

Given a finite group G and two elements g and h in G, the elements g and h
are said to be conjugate if there exists some x in G such that 27 'gz = h. This
operation is known as conjugation, and the set of all the elements conjugate to g
is called the conjugacy class of g. Conjugacy classes offer a deep understanding of
the internal structure and properties of groups, which is why it has been a key area
of research for long time. The conjugacy class graph I'%, is a graph whose vertices
are the conjugacy classes of G and two distinct vertices x and y are connected by
an edge if the class size of x and y have a ged greater than 1. This graph was first
introduced by Bertram et al [2] in 1990, and has hence been studied extensively over
the years. In 2012, Bianchi et al [3] proved that the conjugacy class graph of a finite
group G is a 2-regular graph if and only if it is a complete graph of order three and
a 3-regular graph if and only if it is a complete graph of order four. Moradipour et
al (2013) [15] determined the conjugacy class graphs of some metacyclic 2-groups
and then studied different properties like clique number, chromatic number etc.
Khoshnevis et al (2015) [12] computed the conjugacy class graphs of Special linear
groups and also studied its various properties. Sarmin et al (2016) [18] obtained the
conjugate graphs and conjugacy class graphs by computing the conjugacy classes
of metacyclic 2-groups of order at most 32. Najmuddin et al (2018) [16] determined
the independence and clique polynomial of the conjugacy class graph of dihedral
group of order 2n. Zulkarnain et al (2020) [20] obtained the conjugacy class graphs
for some non abelian 3-groups. Motivated by these studies, we aim to obtain the
conjugacy class graphs of K-metacyclic group G and its direct product G x G. We
also study different graphical parameters of the resultant graphs.

2. Preliminaries

This section provides a comprehensive list of definitions and results of group
theory and graph theory which will be used throughout this paper.
Definition 2.1. [17] A K-metacyclic group G is a group of order p(p—1) generated
by the elements x and y with defining relations: P = yP~! = 1; y~lay = 2",
(r —1,p) = 1, where r is a primitive root modulo p.

Definition 2.2. [9] An integer b is a primitive root modulo m if b is coprime to m

and the order of b(mod m) is ¢p(m).
Definition 2.3. [7] The chromatic number x(X) of a graph X is defined as the



Conjugacy Class Graphs of Some K-Metacyclic Groups 55

smallest number of colours needed to colour its vertices such that no two adjacent
vertices share the same colour.

Definition 2.4. [7] A clique is defined as a subset C of vertices in a graph X,
where the induced subgraph on C' forms a complete graph. The clique number of
the graph X denoted by w(X) represents the maximum size of a clique.

Definition 2.5. [10] The clique polynomial of a graph X is the polynomial whose
coefficient on =¥ is given by the number of cliques of order k in X. This is denoted
by C(X;x). So C(X;2) = > 72 (XY cxx® where ¢y, s the number of cliques of order k
and w(X) is the clique number of X.

Definition 2.6. [7] An independent set in a graph X is defined as a subset Y
of its wvertices, where the induced subgraph on'Y does not contain any edges. The
independence number of the graph X, denoted by o(X) represents the mazimum
size of an independent set in X.

Definition 2.7. [16] The independence polynomial of a graph X is the polynomial
whose coefficient on x* is given by the number of independent sets of order k in X.
This is denoted by I(X;x). So, I1(X;x) = Zz(:)é) arx® where ay is the number of
independent sets of size k and a(X) is the independence number of X.

Definition 2.8. [19] Consider a subset S of the vertices of a graph I'; and represent
the set of vertices in I, that are either in S or adjacent to a vertex in S as Nr[S].
If Np[S] = V(I'), then S is referred to as a dominating set for I'. The dominating
number (') is the smallest size of a dominating set for the vertices of T.

Definition 2.9. [7] The spectrum of a matriz is the list of its eigenvalues together
with their multiplicities.

Theorem 2.10. [19] A K-metacyclic group G of order p(p — 1) has p — 1 non
central conjugacy classes and they are:

cd(z) = {z, 2% 2* P}

cy) = {y,ya:,yx ,yx ,...,yxpfl},

cd(y?) = {y* v’z y?2* y*2?, . 2P}

Aly2) = g2y 2, 2t g, gt
3 Main Results

The present section is structured into three subsections. In the first subsection,
we derive the conjugacy class graph I'y subsequently delving into diverse graph

properties, including planarity, clique number, clique polynomial, chromatic num-
ber, dominating number, independence number, and independence polynomial.
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Following this, the second subsection pertains to the construction and analysis of
the conjugacy class graph of G x G with a focus on unveiling its various properties.
Finally, the third subsection focuses on the line graph and complement graph of
the conjugacy class graph of a K-metacyclic group.

3.1. Conjugacy class graph of a K-metacyclic group

A conjugacy class graph, denoted by I'¢s, is a graph whose vertices are the
conjugacy classes of a group GG and two distinct vertices x and y are connected
by an edge if the class size of x and y have a gcd greater than 1. If G represents
the conjugacy class graph of a K-metacyclic group of order p(p — 1), we obtain the
following results:

Theorem 3.1.1. I'E, consists of a union of one singleton graph and one complete
graph of order p — 2 with &2@73) edges.
Proof. Since there are p — 1 non central conjugacy classes in G, I'¢ will have p —1
vertices. Also, only one of those conjugacy classes is of cardinality p — 1 and the
rest of the conjugacy classes all have cardinality p. Hence, I'Ey will have only one
vertex that will be an isolated vertex and the rest of the p — 2 vertices will all be
connected to one another. Thus, I'¢ is a union of one singleton graph and one

complete graph of order p — 2.

Number of edges of the conjugacy class graph of G = number of edges of
K. o, — #=2@=3)

p—2 — 2
Corollary 3.1.2. Only one conjugacy class graph is formed with different values
of v for a fixed p.
Proof. We know that the different values of r in GG gives the same conjugacy
classes [19]. Since the conjugacy class graph is totally dependent on the conjugacy
classes of GG, hence we get the same conjugacy class graph for different values of r.

Theorem 3.1.3. The clique number and chromatic number of I'cs are equal.
Proof. Since the conjugacy class graph is simply the union of one singleton graph
and one complete graph of order p — 2, the largest induced subgraph that is a
complete graph is p — 2, and hence, w (I'§) = p — 2.

I'% being the union of K,_ and K, a minimum of p — 2 colors will be required
to color K, 5 and the vertex of the singleton graph K; can be colored with any
one of the p — 2 colors, and thus x (I'%) = p — 2.

Theorem 3.1.4. 'Y is planar if p < 7 and non planar if p > 7.

Proof. We know that a graph is non planar if and only if it contains a subdivision
of K5 or K33 [13]. Now, from theorem 3.1.3, the clique number of ' is p — 2.
Thus, the graph is non planar if p —2 > 5, ie. p > 7.



Conjugacy Class Graphs of Some K-Metacyclic Groups 57

Now we have to check for p < 7, i.e. for p =3 and p = 5.

For p = 3, we find that there are only two conjugacy classes and their cardinal-
ities are coprime. Thus, the conjugacy class graph is a null graph with two vertices
which is planar.

For p = 5, the conjugacy class graph is as given in figure 3.1 which is clearly planar.
Hence the theorem.

Example 3.1.5. Let X be a K-metacyclic group of order 20 = 5(5 — 1) where the
primitive root modulo r will take values 2 and 3. There are 4 conjugacy classes of
X for both values of r and the conjugacy class graph is as shown in Figure 3.1:

c.C(3)

CC(1) o c.c(2)

ce4)

Figure 3.1

Clearly, w (I'§) = x (I'§) = 3.
Theorem 3.1.6. The clique polynomial of I'E is given by, C (I'§;z) =z + (1 +
T)P2,
Proof. Since the conjugacy class graph is a union of complete graph of order p — 2
and a trivial graph, the clique polynomial of ' can be computed as,

C(I'g; ) =C(Ky2UKy;x)
=C(Kp_9;x) +C(Ky;2) — 1
=(1+z)P 24+ (1+2)—1
=z 4+ (14+z)P 2

Theorem 3.1.7. The Independence number and the dominating number of I'; are
equal and s equal to 2.

Proof. I'§ = K; UK, 5. The maximum size of an independent set is 2, taking one
vertex from K, 5 and another vertex in K. Hence a (I'E%) = 2. Also, if we consider
a subset taking one vertex from K,_, and another vertex of K, we see that this
subset forms a dominating set and is in fact the smallest size of a dominating set,
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giving the dominating number of IS to be 2. Thus, o (I'§) = v (T'E) = 2.

Example 3.1.8. Let X be a K-metacyclic group of order 42 = 7(7 — 1) where the
primitive root modulo r will take values 3 and 5. There are 6 conjugacy classes of
X for both values of r and the conjugacy class graph is as shown in Figure 3.2:

Figure 3.2

Clearly a (I'§) =~ (I'§) = 2.
Theorem 3.1.9. The independence polynomial of I'§ is given by I (I'¢g;z) =
1+ (p—1z+ (p—2)2?
Proof. Since I'y = K1UK,_5, the independence polynomial of I'¢f can be computed
as,

I(TEx) =1(Ky,—2UKjy;
=1 (Ky2;7) .0 (K5 )
T

z)
(Kl;
= (1+ (p—2)2)(1 +

+

1+1)
—14+z+(1+2z)(p—2)z
=l+a+(p—-2x+2*(p—2)
=1+(p—1z+(p—2)?

(
)
)

Theorem 3.1.10. The spectrum of I'¢c for p > 5 is as follows:

{0 (=D (p—3)'}.

Proof. We know that the spectrum of a complete graph K,, on n vertices is given
by {(—=1)"71,(n — 1)'}. Also, if X = K, UK, U... UK,,, where K,,, are
complete graphs on m; vertices for 1 <4 <[, then, the spectrum of X is given by

N A 3 )
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Thus, spectrum of I'%= spectrum of K; U K, » = {(—=1)"7 272 (1 - 1)}, (p —
2-1)"={0)" (-D*, (p-3)'}.
Theorem 3.1.11. The energy of T'¢, e (I'E) is non hyperenergetic as well as non
hypoenergetic.
Proof. We know that I'Y is a graph with p — 1 vertices and its spectrum is
{0,(=1)P73,p — 3} for all p > 5 (where p is an odd prime).
Thus, e (I'E) =0+p—3+p—3=2(p—3).
Now, 2(n —1) =2(p—1—1) = 2(p — 2), and clearly 2(p — 3) < 2(p — 2).
Hence, € (I'%) is non hyperenergetic. Also,
p=95
2p—p>6-1
2p—3)>p—1
e(lg) >p—1.
Hence, € (I'%) is non hypoenergetic.

3.2. Conjugacy class graph of the direct product of two K-metacyclic
groups.

Consider two groups G; and (5. Their direct product denoted by G; x G, is
the set of all ordered pairs (z1,y1), where 1 € G; and y; € Go, with the group
operation (x1,41).(z2,y2) = (21 * T2, y1Ays), where * is the group operation in Gy
and A is the group operation in GS.

Two elements (z,y;) and (z9,ys) are conjugate in Gy X Gy if there exists
(21, 22) € Gy x Gy such that (21, 20) (2, y1) (27", 25 ) = (2, 92).

Theorem 3.2.1. T'E, s a combination of Kyp_4+ Kop_4+ K(;,_2)2 and K3, where
every vertex of Ky is adjacent to every vertex of Kop_4 whose vertices are the con-
Jugacy classes of order p(p—1), but not adjacent to either of the other two complete
graphs, Ko,_4 and K, 92 whose vertices are the conjugacy classes of order p and
p? respectively.

Proof. The conjugacy classes of GG are as follows:

cl(e) = {e},

c(z) = {z, 2% 23, ..., aP71},

cd(y) = {y, yz, ya*, ya?, ..., yz* '},

d(y?) = {y*, v’z y*2® y*a®, . yPaP T,

A(y2) = {72,y 2, g2, g2y,

Hence, if we consider the conjugacy classes of G x G, then there is 1 conjugacy
class of order 1, 2 conjugacy classes of order (p — 1), (2p — 4) conjugacy classes of
order p(p—1),1 conjugacy class of order (p—1)2, (2p—4) conjugacy classes of order
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p and (p — 2)? conjugacy classes of order p2.
Thus, the number of vertices of the graph T'&, , = 2+2p—4+1+2p—4+(p—2)* =
p? — 1, and the graph structure is as follows:

/// \714\\\
e — D]
L

- Ny

v ]qu7 h &)

vs )
[ — 1))

Figure 3.3

Here, v; represents the complete graph Ky, 4, where each vertex is the conjugacy
class of order p,

v represents the complete graph K(,_s)2, where each vertex is the conjugacy class
of order p?,

v3 represents the complete graph K, 4, where each vertex is the conjugacy class
of order p(p — 1),

vy represents the complete graph K5, where each vertex is the conjugacy class of
order p — 1,

vs represents the complete graph K, where the vertex is the conjugacy class of
order (p — 1)%

Edges between two v; and v; indicates that each vertex of v; is adjacent to each
vertex of v; in figure 3.3. vs and vs together form Kj. Hence the theorem.
Number of edges in I'¢y, ;= Number of edges in K5,_;+ number of edges in K2_4—
number of edges in

2p — 1 24 2p — 4
sz_4=(p2 )—I—(p2 )_(p2 )):%(p4—9p2—|—12p+2).

Example 3.2.2. For p = 3, I'§, - is given by:

Figure 3.4
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Number of vertices = 8§,
Number of edges = 19.

Corollary 3.2.3. I'¢, ~ is non planar for all values of p.

Theorem 3.2.4. The complement graph of I'E&, . is the union of 2p — 4 isolated
vertices and one complete bipartite graph Ks p2_o,.

Proof. In Figure 3.3, since each of the 2p—4 vertices in v3 are adjacent to all other
vertices in the graph, they will be isolated vertices in T'%, . Also, all 2p— 4 vertices
of v; will be adjacent to all vertices of vy and vs, while none are adjacent to any
vertex of vy. Similarly, all (p—2)? vertices of v, are adjacent to all vertices of v, and
vs, while none are adjacent to any vertices of v;. Hence, a complete bipartite graph
K329, is formed with 3 vertices from vy and vs and 2p — 4+ (p —2)*> = p* — 2p
vertices from v; and vs.

Theorem 3.2.5. w (I'¢, ;) = x (T%, o) =p* — 4.

Proof. The largest induced subgraph of I'&, . which is a complete subgraph is
Kop—s+ K22 + Kypy.

Number of vertices of this induced subgraph is p* — 4.

Hence, the clique number w (T'&, ;) = p* — 4.

Now, since Ky,_4 + K(,_9)2 + Kg,_4 is a complete graph of order p? — 4, at least
p? — 4 colors are required to color T, . Since all vertices in vy and vs are not
adjacent to any vertex in v; and vy, the three vertices in v4 and vs can be coloured
with the colors chosen from v; or vo. Thus, w (I'E, ) = x (T, ) =p* — 4.

Theorem 3.2.6. The independence number of I', » = 2.

Proof. From the structure of I'E%, . (Figure 3.3), the largest induced subgraph
formed so that it has no edges, has exactly 2 vertices, one of the vertices being
taken from either v; or vy and the other vertex taken from either vy or vs. If any
more vertex is added to this subgraph, the number of edges will be greater than 0.
Hence, a(I'g, o) = 2.

Theorem 3.2.7. The dominating number of I'¢, o = 1.
Proof. From Figure 3.3, if we take a vertex from v, then we see that this vertex
is adjacent to all other vertices in I'E, . Hence, y(I'§, ) = 1.

3.2. Line graph and complement graph of the conjugacy class graph of
K-metacyclic group.

A line graph L(G) of a graph G is a graph where the vertex set consists of
lines of G and two lines of G are adjacent in L(G) if and only if they are inci-
dent in GG. Also, the complement graph G of a graph G is a graph which has
the same vertex set as G and two vertices are adjacent in G if and only if they
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are not adjacent in the original graph. Both these graphs serve as a valuable tool
for studying and analysing structural properties of graphs, offering insights into
connectivity, cliques, and other graph-theoretic characteristics. This subsection is
dedicated to the examination of the line graph and complement graph arising from
the conjugacy class graph of a K-metacyclic group, wherein specific properties of
these resultant graphs are investigated as well.

Theorem 3.3.1. The line graph of I'&, o is a 2(p-4)-reqgular graph of order
p—2
2
Proof. The line graph of I'§ will simply be formed from the complete graph,
ignoring the singleton graph, and hence will be a regular graph.
Number of vertices in the complete graph =p — 2.

Number of edges = ( p ; 2 ) :

Thus, number of vertices in the line graph :< p ; 2 ) .

Also, degree of each vertex in the complete graph = p — 3.

Thus, degree of each vertex in the line graph = 2(p — 3) —2 =2(p — 4).
Hence the theorem.

Example 3.3.2. For p = 7, line graph of I'§. is as follows:

Figure 3.5

Theorem 3.3.3. The chromatic number of the line graph of I';. is bounded and,
3<X(L(IE) <2p—7.

Proof. The upper bound for the chromatic number of any graph is one more than
the maximum degree of any vertex in the graph. Since the maximum degree in
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(L(T°¢) is 2p — 8, hence the upper bound is 2p — 7. Also, since every edge in I'% is
incident to exactly two vertices and every pair of edges share exactly one common
endpoint, it follows that the line graph of I'Gy will contain at least one triangle.
Hence, the lower bound of the chromatic number of L(I'§) is 3.

Theorem 3.3.4. The complement graph of %, T% is a star graph of order p — 1.
Proof. In the complement graph of I'Y the isolated vertex becomes the vertex
with degree p — 2 and all other vertices contained in the complete graph becomes
vertices of degree 1, which forms a star graph. Since the number of vertices in the
complement graph remain the same as the conjugacy class graph, hence, we get
the star graph of order p — 1.

Example 3.3.5. For p=7, complement graph of I'& is as follows:

|
e \( Pt
\\\H‘ ) //
// N\
7 N\

/ \,
/ N\

\

Fd %

Figure 3.6

Corollary 3.3.6.

1. T% is a perfect graph, since x(T'%) = w(l'g) = 2.
2. The independence number of I' is p — 2.

3. The dominating number off_f;c s 1.
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